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ON THE 1-CONDITION

BY
MOTI GITIK AND SAHARON SHELAH

ABSTRACT
In [5], XI, S. Shelah formulated a condition on forcing notions (I-condition)
which implies that the forcing it satisfies does not add reals. It was proved that,
under some additional demands, this condition is preserved by revised count-
able support iterations. We are going to show that these demands can be
weakened. A few examples of simple forcing notions that can iterate while
preserving the -condition, and hence without adding reals, are presented.

In [4-6] the semiproper forcing, S-condition and l-condition were defined in
order to handle interations of the kind (P, O , i < k) preserving N; (usually
without adding new reals), collapsing all the cardinals < x to N;. It gives the
possibility to obtain consistency results for N,. All results of this kind known to
us can be obtained using semiproper forcing notions, but it requires large
cardinal assumptions. In [5], XI the I-condition was defined in order to
get the equiconsistency. There was the following restriction on the iteration
(P, Qi |i< k) for i an inaccessible cardinal less than x: Q; was required to
satisfy the [;-condition with

1) Iey
i*-complete or with I a normal ideal concentrated on ordinals of cofinality > N,
in V-,

Adding this condition was a drawback, but it was satisfied by all the examples
occurring there. However Gitik, for the application developed in [2], needed to
have many inaccessibles in, e.g., Q; satisfies the I;-condition, namely with normal

ideals concentrated on ordinals of cofinality No. However for those forcing a
“strong [-condition” holds:

) L ={L},
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where I, is a normal ideal on i and the function F witnessing the I;-condition for
Q: (see Definition 1) does not depend on w.

So Gitik proved that we can replace (1) by “for each inaccessible i, (1) or (2)”
(and of course that the examples he had in mind, the three examples presented
here, satisfied it).

However the general theorem was esthetically unsatisfactory. Then Shelah
proved that really only i-completeness of I; is needed. We present here this
proof and a few examples of forcing notations which is a possible iterate
preserving [-condition.

We assume that the reader is familiar with chapters X and XI of [5] or with [4],
[6]. We refer to [5] or [4] and [6] for the terminology and most of the definitions.
We shall give here only the main one.

DerINITION 1 [1]. Let 1 be a set of monotone families (or simply a set of
ideals). A forcing notion P satisfies the I-condition if there is a function F, so that
for every I-tree T (i.e., a tree T s.t. every n € T, Sucr(n) is a positive set modulo
for some I €1), if f is a function f: T— P satisfying

(a) v <n implies f(v)<f(n) and

(b) there are fronts J,(n < w)of T (J is a front if n, v € J implies that none of

them is an initial segment of the other, and every n € Lim T has an initial
segment which is a member of J) such that every member of J,., has a
proper initial segment belonging to J, and n € J, implies

(Sucr(n), I {f(n " @)| & € Sucr(n))) = F(n, w[n],{f()| v <)),

where w[n]={k < l("))' nlkelU... L}
Then for every T', T =* T' there is some p € P such that p F““dn € Lim T’ such
that Vk < w, f(n | k) € G” where G is the P-name of the generic subset of P.

Let us give first a few examples of forcing notions which are not included into
Shelah’s [5] scheme, but by Proposition 6 below it is possible to iterate them far
enough preserving the [-condition.

§)) Nm’(D)={T| T is a subtree of ““w, s.t. above each n € T there is a
D-splitting point, i.e. some v > 7n so that Sucy(») & D}, where D is a normal
ideal on N,. As in [5] it can be shown that Nm'(D) satisfies the I-condition for
every I sit. D €L

Let us present now two more complicated examples of such forcing notions.
See [2] for their applications.
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(2) Suppose for some k we have a stationary subset S of it so that every a in §
is an inaccessible cardinal. Suppose also that Q =(P, Q | i<k)is a RCS
iteration, P, = R lim Q, it does not add reals, for every inaccessible a =« P,
satisfies a-c.c., @ =N} and every a in $ and its successor become ordinals
< R, of cofinality @ in V[P,.,]. In V[P.] let us define the forcing notion P*[S].
It will be the set of all w-closed subsets ¢ of S so that for every limit point 8 of ¢,
¢ N B intersects every closed unbounded subset of 8 which belongs to V[Bs] (or
by B-c.c. of P, it is enough that ¢ N B intersects every club subset of 8 in V).
The ordering on P*[S] is an end extension.

ProposITION 2. If k is a weakly compact cardinal and S is a positive set in the
weakly compact filter on « (i.e., the normal filter generated by {B < « I(VB, E,RN
VeYE @(R N V), where ¢ is a li-formula, R C V. and V. ¢(R)), then in
V[B.] the forcing P*[S] satisfies the V-condition for any 1 so that NS, | S € [ where
NS, IS={AC«k I A € Vand A N Sis nonstationary} and for a forcing notion P,
P denotes its generic subset.

REMARK. Since P, satisfies x-c.c., every closed unbounded subset of k =
Ny in V[B,] contains a closed unbounded subset of k which belongs to V.

PrROOF. By k-c.c. the weakly compact filter on k generates the normal filter
% in V[B,] on k =K1,

Fis{X € P"""n,)|3C € We . F 2 C).

Also for every stationary D € @VIP‘I(K), {B<k | B is an inaccessible cardinal in
V and D N B is a stationary subset of B = R}"! in V[B,]} € %. See Baumgart-
ner [1] for such results.

Now let us define the function F. F has to determine Suc(n), filter I, and an
element f(n') of P*[S] for any immediate successor 1’ of n. Let

Suc(n)={n"(B)| B <N:, B>max(f(n))}.
Let I, =NS. S and

f(n " (BN =f(n)U{B}
for n *(B) € Suc(n).
Now let (T, I) be an I-tree and f is a function from T to P*[S] so that
(@) v <7 implies f(v)<,.sf(n) and
(b) there are fronts J, (n <w) of T s.t. every member of J,., has a proper
initial segment belonging to J, and n € J, implies

(Suce (), L f(»)| v €Sucr () = F(n, f Hv | v = n}).
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Let T'* = T. We shall find some p € P*[S] s.t. p Fp.;sy(3n €lim T’ such that
f(n1k)€ G), where G is the canonical name of the generic subset of P*[S]. As
in [5], XI, Lemma 4.4, let T", T"> T’ be a subtree so that every point in T”
either belongs to some front J, (and thus fits the demands on F) and is a splitting
point, or it has exactly one immediate successor.

For n € T" let us denote by 7' the successor of 7 of minimal height belongs to
some front. Note that there is only one such n'. For this n’, Suc(n')C S is a
stationary subset of N..

Let, for n €T", C, be {B =N, I B is an inaccessible cardinal in V and
Sucr(n')N B NS is a stationary subset of B =Ky in V[B,]}. Then each C,
belongs to #. Let C ={B <N, | Yn € T"if, for every k <heightof n, [k is a
splitting point of T" implies n(k)< n, then B8 € C,}.

CLaM. Ce &%

PrOOF. Otherwise R, — C is an F-positive sct. Now let us use the normality
of F. So there is A, C N, — C F-positive s.t. for every B,, B: € Ay, 1, and 7, are
on the same level in T". Let us find A, C A, %-positive so that for some
Ko<k <-+ <k, <o, for every BE Ay, nyl ka,...,mp | ko-\ are all splitting
points of ns in T". Now let A, C A, be F-positive so that for any B, 8, € A,,
m < n, ng(kn)=ng(kn). But then 75 =n, =17 for B, B: € A,, since every
point in T" is a splitting point or has only one immediate successor. Hence
A:N C, =¢. Contradiction.

Now let @ € C N §. It exists since S is Wc,-positive and so F-positive. Also
a € G, for some n € T" (take for example 7 to be the first splitting point in T")
and so it is inaccessible in V.

In V[f’a.,], cfa =cfa’ =N, so we have a sequence (C, | n < ) so that

(a) C. € Vanditisaclubin e in V[B,] (orin V; it does not matter since P,

satisfies a-c.c.).

(b) C.ri CC..
(c) For every closed unbounded subset of & C € V[P, ] there is some n so that
C.ccC.

Since V[P, .|l cf (a')=cfa =K, the set of all closed unbounded subsets of a
in V[P,] can be represented as U, B,, where B, € V[P, ] and the cardinality
of B, in V[P.]is N,. Now since a is N, in V[P,], N B, = E, is club in V[B.].
Since P, satisfies a-c.c., by [1] every closed unbounded subset of a in V[P, |
contains some closed unbounded subset of a which belongs to V. Let us define
C, to be a club in V which is contained in E,, C;CC, a club in V which is
contained in E,, and so on.
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Let now 7, be the first splitting point in T". Since a € C,, S N Sucr(no) N e is
a stationary subset of a in V[P.]. So there is some By € S N Sucy(no) N & N Co.
Let = ny"(Bo). Then f(m) = f(n)U{Bu}-

By the definition of C, @ € C,; (where 7] is the successor of 1 of minimal
height which belongs to some front or the same is a splitting point). Hence
SN Sucr(ni)Na is a stationary subset of a in V[B.]. Pick some B, ESN
Sucr-(ni)Na NC.. Let n,=7n]"(B1). Then

fm)=f(nU {Bl}

Note that since 7i belongs to some front, Suc,--v(ni)g{n”(B)[B <N, B>
max(f(n1)) and B € S}. So f(7.) € P*[S] and max (f(n1)) < a. In such a way we
define a branch n of T” and a sequence of conditions (f(n.)|n <) so that
fOea)> f(e). f(Me)NC.#C  and maxf(m)<a. Let now p=
U.co f(mm) U{a}. Since U(U,c.f(1))=a, p € P*[S]. Now p ke (A ET"
such that f(n | k) € G). d

Suppose « is an inaccessible s.t. {a < k | & is weakly compact} is stationary.
Then using P*[S] instead of P[S] and the variant of Namba forcing for changing
the cofinality of both @, a ' to Ry instead of Nm' in X1, 7.3 [5], it is possible to find
a generic extension of L in which the following holds:

(*) There is a club C C N: so that every a € C is an inaccessible in L and for
every 8 a limit point of C, C M 8 is not disjoint to any club of & from L.

QuesTioN. What is the consistency strength of (*)?

In [3], using weakly compact cardinals a model is constructed with a stronger
property: there is C as above, s.t. for every 8 a limit point of C, C N § is almost
contained in any club of 8 from L.

(3) Suppose we are in the same situation as in (2). Assume also that « is a
measurable and S belongs to a normal ultrafilter % over . Let us define in
V[B.] the forcing notion P*{4}. It will be the set of all pairs {c, A) so that (i) c is
an w-closed subset of «; (i) for every limit point 8 of ¢, ¢ N B intersects every
closed unbounded subset of 8, which belongs to V[ISB] (or the same to V); (iii)
A € 9. The ordering on P*{U} is defined as follows: (¢, A) Z(c2, Az if ¢ci is an
end extension of ¢, A, C A; and ¢, — ¢, C A,.

ProrosiTioN 3. P*{QU} satisfies the 1-condition for any | so that U €1.

ProoF. First note that since P, satisfies k-c.c. and k = N3'*, 4 generates a
normal filter % on N, in V[B.]. U ={X € ?"'™(N,)|AY € %, Y C X}. Since U
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contains the weakly compact filter on «, for every stationary D € P 1"(x)
{B<k lB is an inaccessible cardinal in V and D N B is a stationary subset of
B =Y in V[B,]} contains some set from U

Let us define the function F. F has determined Suc(n), filter I, and an
element f(n’) of P*{4} for any immediate successor 7" of . Let [, = 4. If
f(n)={(c,A), then let Suc(n)={n" (B)IB €A and B>max(c)} and
f(n "B =(c U{B}, A).

Now let (T, I) be a I-tree f: T— P*{} satisfies (a), (b) from Proposition 2.
Let J, (n <w), T" and 1’ for n € T" be as in Proposition 2.

Letn € T"and f(n')=(c, A). We define C, ={B E A IB is inaccessible in V,
B € S and Sucr(n')N B is a stationary subset of 8 = Ry in V[ B, ]}- Then since
U is normal, Sucy(n’) is 9U-positive and so it is stationary, C, € 4. Let
C={B< nZIVn € T" if for every k < height of 7, 1 | k is a splitting point of T"
implies n(k)< g, then B8 € C,}.

As in Proposition 3, C € U Let « € C. Then a € C, for some n € T". So a is
an inaccessible and a € S. So in V[f’aﬂ], cf a =cfa™ =N, and hence there is a
sequence (C|n < w) that satisfics (a)-(c), see Proposition 2.

Let now 7, be the first splitting point in T". By the definition a € C,,. Let
Bo € Suci-(m)Na NCy and n; = 1o " {Bw). Suppose that f(no) ={co, Ao), then
By E Aa since mo belongs to a front and so Sucy(n0) C Ao Then f(n,)=
(caU{Bu}, Au). By the definition of C, @ € C,;. So Sucr(n1)N a is a stationary
subsct of a in V[B,]. Let us pick some B, ESucr(ni)NaNC, Let n,=

n{ﬂ(B,).
f(");) ={c, A) éf(nn) = (C()U{Bo}y Ao).

It implies that A, C A, and so B, € A, Also Uc, <B(<a. Hence f(n:)=
(i U{Bi}, A1) = (coU{Be}, Ao), and so on. We obtain a branch n of T" and an
increasing sequence of conditions {(c. U{B.}, A.)| n < w} so that B, €C. and
B. < a. Since @ €C,. for n >0, a € A, for every n (see the definition of
C,.). Hence a€{,. A, €U Let REURCI, . A, Then (U,c.U
{a}, RYE P*{U} and it is stronger than every {(c, U{B.}, A.). Now (U,c, U
{a}, R) Fpyn; (3 € lim T such that forevery k, f(n [ k) € G). O

The common property of those three examples is that the forcing notion there
satisfies the I-condition, but for the ideals s.t. the set on which we forced in the
previous stages is positive. We are going to show that it is possible to iterate such
forcing notions preserving I-condition. First a definition.
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DErFINITION 4 [5]. Q = (P, Q [ i < a) is suitable for (I, Aij, i |(i,j) EWHY)
iff

(i) W*={(i, j)l i <j<a, iis not strongly inaccessible},

(i) Q is an RCS iteration,

(ili) P,; = P;/P; satisfies the [;;-condition for (i, j) € W*,

(iv) For every I €1;;, U I is a regular cardinal, I is A [-complete, A;; < UI <
wijp | P = Aij, and A =Ny,

) if i0)<i)<iQ)<a, (i(0),i(t)e W* (i(),i2)€ W* then
Vx < Miw),i(u)[(/\ iu).i(z))x = /‘-‘(1),:‘(2)]-

PROPOSITION 5.  Suppose QO =(P, O ] i <k) is suitable for
(Ui, Aijy iy | (i, j) € W*), K is strongly inaccessible, |U I|+ Ay + p,; <« for any
(i,j)E W* and I €1, Q« is a P.-name of a forcing notion satisfying the
I.-condition, and . is k-complete. Then P.* Q. satisfies the [-condition for
1= U, Ul

ProOF. Let F;; be a P;-name for a witness to “P,; satisfies the 0,;-condition”
for i <j <k, i non-limit, and F, a P.-name for “Q, satisfies the l.-condition”.
Let Ai={m€ W|3k m =2""-k, k is an odd number}. Then (A; I <w)is a
partition of the even positive numbers into pairwise disjoint, infinite sets and
min A; =2"*". We shall add 0 to A,. Let us define the function F for the
I-condition. So we should define F(n, w,{f(n [l)l [ =1(n))). The definition will
be like those of [5].

Case 1. |w] is even.

Let i be such that|w |€ A, w*={I€Ew | |w NI|E A} and let B,(0) =0, and
for I, I(m)=1, B.(1+1)=min{y+! If(n I« €P,}. Now we are going to
apply the function Fj g, +1)- Let us apply it to the restriction 7 of n. We define
N ={81,...,8,) for n =(y1,...,7.) as follows:

Let ko€ w or ko= n be s.t. | w N ko| = min A,, then put § = vy, for all | = k.
Now for k, ko= k < n let 841 =y if KEw,0r k Ew and |w N k | € A, for
j =i. Otherwise let 8¢.1=0.

The reason for such a definition of % will be clear from the continuation.
Suppose

Fowraaen(f W F(n TDT[Ba (i), B (i + ]| 1 Z 1(m))) is (L (r.

ve Ul)).
Let us pick g, € P,

Gn Fppy 1 =L,
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Now we define F to be (I, (f(v), v € Sucy(n))), where Sucr(n)={n "{(a) , a<
UL} and f(n)Ug, Ur. = f(»).

Case 2. |w]| is odd.

Let  Fo(n,w*f(mID)|I=Im))=U,r.|vEUL), where w*=
{l€w l |wnNl]is an odd number}. Choose g, € P., g, = f(n)l K, g, by, “I, =
L, for some I, €1,. Now we define

Fwfan I D[ 1= =(L,{(f(n)Ugq,Ur.

Let us prove that such defined F satisfies Definition 1. Let (T, I), J. (n < w), f
and (T", IY* = (T, I) be as in the definition. W.l.o.g. U,...J. is the set of splitting
points of (T, I). For notational simplicity assume J, ={n €T I l(n)=n}.

v=n"a),a< UL).

CLaM 1. For every (T",D*=(T',I) there is pEP,
pH(T.={n€E T”If(n)fx € G} contains an w-branch).

PrOOF. We need the following lemma from [5]. But first the definition.

DEFINITION 6 [5]. For a subset A of T we define by induction on the length
of n, resr(A, n)foreach n € T. Let resr(A,{ ))=( ). Ifresr(A, n)is already
defined then let, for every " (a) € Sucr(n), resr(A, n "(a)) =resr(A, n) " (a)
if n €A and res;(A, n "{a)) =resr(A, n)"(0) otherwise.

LeMMA 7 ([5]). Let A, w be cardinals satisfying A=* = X and let (T, I) be a tree
in which for each 1 € T either | Sucr(n)| < w or I, is A*-complete. Then for every
function H:T— X there exist T', (T,I)<*(T',I) such that for n, n'€T',
resr(A, n)=resr(A, n') implies Hm)=H(®n'), n€Aiff n’ €A, and if n EA,
Sucr(n) =Sucr(n) =Sucr(n’)=Sucr(n’), where A ={n €T I |Sucr(n)| < u}.

By a repeated use of Lemma 7 we can get T*, T'=* T* such that, for every
n €T, if I(n)=2"",forsome i >0,0r I(y)=0,fori=0and n; ET*, ;>
(j €2) then

resr+(A,, m1) = resr+(Aq, 1)

implies

(@) f()I B (i +1)=f(m) [ Ba(i +1);

(i) meE A, iff .€A,;

(iii) if n, € A, then Sucr(n:) = Sucr-(n;) = Sucr-(n2) = Sucr(n);
where A, ={v ET'|+ =7 or v>7 and |Sucr(v)| < s 1,641}

Note that for i € w, if n € T" is of the length 2'*' when i >0, oritis( )when
i =0, then f on Sucr(n) is determined by Fg s, i+ and we apply Fg g, i+1)
the first time over 7.
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Let T, ,={resr-(A( ), n)l n € T*}. The definition of T* implies that T, is a
kg ,artree. Let, for n € T*, f \(resr-(Acy, m))=f(n)[ B¢ (1). Then f., is a
well-defined function on T, , into Py ). Since we applied Fog i) enough times,
there is a condition gq(,€ Ps ,;, which forces “In ELim T, Vk<
of (n 1 k)E G”. Note that we apply Fos o) on the tree T ,. But as we defined
F in Case 1, we are using Fy 5 oy not on n € T but on its restriction ) which is
now equal to resr-(A¢ ,, ). Let G, be a generic subset of Pa ), g » € Go and
n{G))ELImT,, be some branch in T, st. for every k<o,
f {(n[Go]l k) € Go. We define in V[G) a tree T, ={n € T*|resr-(A( ,n)<
n[Gol}.

For every n € Ty, if n& A(, then Sucr,(n) = Sucr«(n). It follows from (iii)
(see the definition of T*). Let 1, be some point from the fourth level in T,. The
fourth level is the level where Fg ,a)p, @ is applied the first time. As above we
can define

T,, = {resr,(Aq, )| 7 Z n1, 1 € T}

and

f”h (I'CSTI(A,", 71)) = f('fl) r Bm(z)

Also there is g, € Py, o which forces “3n ELim T, Vk < w f,(n k) E G”. We
can pick a generic subset G, of P, @, 4 € G and a branch 9[G,] € Lim T, in
T, s.t. for every k < w, f,(n[G:]l k) € G.. In the same way we can define T, to
be the set of all n €T, s.t. n =7, and resr,(A,,, 7)< n[G]. It is possible to
continue and define T, and G, for every n < w. Since we are using the revised
countable support iterations, this process will give us some condition, namely
q@ ={4¢ » Gn» Gny> - - - ) which forces that there is a branch 5 € Lim T* s.t. Vk < w,
fnlk)IkEG. a

Suppose now that G is a generic subset of P.. Let us define, in V[G],
T.[G]=TYG]={n € T'| f(n)I k) E G}, T"'[G]={n € TG]| there is at
least one successor of 7 in TX[G] and for every I = I(n), if on n{! F, was used,
then Sucryei(n [1) is L,u-positive, where I,y is defined by F,},

TAG}= N TYG] forlimit a.
B<a
For some a(G) large enough T:"'[G] = T“[G].

If T2“[G] # @ then, since F, was used on the fronts J, (n < w), there is some
qE Q. qko “In ELIMTI[G] Vk<w, f(nlk)EG”, where f.(n)=
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f(n)(x). So it is enough to show that if there is p €P. that forces
“Ti9IG]#QD” then (p,q)EP. *xQ. forces “In€ELIMT Vk<w
fnlk)EG™.

Suppose otherwise. Then for every generic G C P. and every n € T’ so that
F, was applied on 7 there is an ordinal a(n, G) and a set C,[G] € [, (in V),
such that

Sucrzeengy(n) C G, [G]
or

G lG]=92 in case Sucrznoyg(n) & I,

but for some [ < I(n), Sucrswoyei(n [ 1) € L. Let C, be a name for such a set.
We define C* = U{C I IpEP,pkC, = C}. Since P, satisfies k-c.c. this is the
union in V of less than « sets in I, and hence C% € I,. Let now

T'={n € T’I there is no I < /(n)so that C%y is defined and n(I) € C¥%}.

For T" let us define T.[G], T:[G] as we did for T'. We shall denote these sets by
T.[G] and T°[G]. Now note that TGN T.[G] = T:G] for every a, since
always Cr &1,

CLAIM 2. Forevery a, T:V'[G]={n € TIG] l n has at least one successor in
TG}

Proor. If for some n € T:[G], F, was used on 5|l (I=I(n)) and
Sucraiai(n I 1) € Ly, then Sucreei(n 1) C Chi. and hence Sucrsei(n [ 1) =@. So
I'=1(n) and n has now successors in T:[G].

The claim implies that for every generic G C P. in T.[G] there is no
w-branch, which contradicts Claim 1. W]

Using Proposition 6, Conclusion 6.6 from [5] can be formulated as follows.

PROPOSITION 8. Suppose
(a) Q =(P, Q: , i <a) is an RCS iteration,
(b) Q satisfies the l;-condition and 1; is N-complete in V" (but I, € V),
(c) if cf(i)<iv(Ij<i)|P,|zi, then for some A, u, Ul is A*-complete,
VIeU,.)|UI|l<p)and A =1~
(d) if cfi=ina(Vj<i)|P|<ithen \ is i-complete.
Then R Lim Q satisfies the (U, <.l:)-condition.
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