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ON THE D-CONDITION 

BY 

MOTI GITIK AND SAHARON SHELAH 

ABSTRACT 

In [5], XI, S. Shelah formulated a condition on forcing notions (U-condition) 
which implies that the forcing it satisfies does not add reals. It was proved that, 
under some additional demands, this condition is preserved by revised count- 
able support iterations. We are going to show that these demands can be 
weakened. A few examples of simple forcing notions that can iterate while 
preserving the -condition, and hence without adding reals, are presented. 

In [4-6] the semiproper forcing, S-condition and U-condition were defined in 

order  to handle interations of the kind (P~, Q~ I i < K) preserving N1 (usually 

without adding new reals), collapsing all the cardinals < K to N1. It gives the 

possibility to obtain consistency results for 1%. All results of this kind known to 

us can be obtained using semiproper forcing notions, but it requires large 

cardinal assumptions. In [5], XI the I-condition was defined in order to 

get the equiconsistency. There was the following restriction on the iteration 

(P~, Q~ [i < K) for i an inaccessible cardinal less than K: O~ was required to 

satisfy the D~-condition with 

(1) I E D, 

/+-complete or with I a normal ideal concentrated on ordinals of cofinality > N0 

in V ~'. 

Adding this condition was a drawback, but it was satisfied by all the examples 

occurring there. However  Gitik, for the application developed in [2], needed to 

have many inaccessibles in, e.g., Qi satisfies the 0~-condition, namely with normal 

ideals concentrated on ordinals of cofinality N0. However  for those forcing a 

"strong D-condition" holds: 

(2) O, = {L}, 
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where L is a normal ideal on i and the function F witnessing the D~-condition for 

Q~ (see Definition 1) does not depend on w. 

So Gitik proved that we can replace (1) by "for each inaccessible i, (1) or (2)" 

(and of course that the examples he had in mind, the three examples presented 

here, satisfied it). 

However the general theorem was esthetically unsatisfactory. Then Shelah 

proved that really only i-completeness of n~ is needed. We present here this 

proof and a few examples of forcing notations which is a possible iterate 

preserving U-condition. 

We assume that the reader is familiar with chapters X and XI of [5] or with [4], 

[6]. We refer to [5] or [4] and [6] for the terminology and most of the definitions. 

We shall give here only the main one. 

DEFINITION 1 [1]. Let 0 be a set of monotone families (or simply a set of 

ideals). A forcing notion P satisfies the B-condition if there is a function F, so that 

for every D-tree T (i.e., a tree T s.t. every "0 E T, Sucr07) is a positive set modulo 

for some I E D), if f is a function f"  T---~ P satisfying 

(a) u < ~ i m p l i e s / ( u ) < / ( ~ )  and 

(b) there are fronts J.(n < to) of T (J is a front if ~/, p E J implies that none of 

them is an initial segment of the other, and every 77 E Lim T has an initial 

segment which is a member of J )  such that every member  of .1,+1 has a 

proper initial segment belonging to J. and , / E  J. implies 

(SUCT (r/), I,~, (f(r/ ^ ot )1 ot E SUCT('q ))) = F('r/, w [r/], ( f(v)  [ v < r/)), 

where w[n ] ={k  < l(-q)[ 77 t k ~ U,<o~J,}. 
Then for every T', T <-* T' there is some p E P such that p IF ":177 E Lira T' such 

that Yk < to, f (~  [ k) E G "  where G is the P-name of the generic subset of P. 

Let us give first a few examples of forcing notions which are not included into 

Shelah's [5] scheme, but by Proposition 6 below it is possible to iterate them far 

enough preserving the [-condition. 

(1) N m ' ( D ) =  { T [ T  is a subtree of '~ s.t. above each ~ E T there is a 

D-splitting point, i.e. some v > 77 so that Sucr(u)t~ D}, where D is a normal 

ideal on ~2. As in [5] it can be shown that Nm'(D)  satisfies the D-condition for 

every I s.t. D E Q. 

Let us present now two more complicated examples of such forcing notions. 

See [2] for their applications. 
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(2) Suppose for some K we have a stationary subset S of it so that every a in S 

is an inaccessible cardinal. Suppose also that 0 = (P, Q, l i < K) is a RCS 

iteration, P~ -- R lim 0 ,  it does not add reals, for every inaccessible a -<_ K P~ 

satisfies a-c.c., a = N~ l~l and every a in S and its successor become ordinals 

< 1~2 of cofinality to in V[t6~+,]. In V[,6,] let us define the forcing notion P*[S]. 

It will be the set of all to-closed subsets c of S so that for every limit point/3 of c, 

c 71/3 intersects every closed unbounded subset of/3 which belongs to V[/~ ] (or 

by/3-c.c, of Pa it is enough that c 71/3 intersects every club subset of/3 in V). 

The ordering on P*[S] is an end extension. 

PROPOSITION 2. If  K is a weakly compact cardinal and S is a positive set in the 

weakly compact filter on K (i.e., the normal filter generated by {/3 < K [ ( Vo, ~,  R 71 
Vo)~=r 71 V~)}, where q~ is a llJl-formula, R C_ V, and V, ~q~(R)), then in 

V[P, ] the forcing P* [S] satisfies the B-condition for any D so that NS, [ S E ~ where 
NS, r S = {A C_ r [ A E V and A 71S is nonstationary} and for a forcing notion P, 

denotes its generic subset. 

REMARK. Since P, satisfies K-c.c., every closed unbounded subset of r = 

M vl~J in V[P, ] contains a closed unbounded subset of K which belongs to V. 

PROOF. By K-c.c. the weakly compact filter on r generates the normal filter 

.~ in V[f' ,] on K = N vl~'l. 

is {x  vt -J(x:) 13C Wc F _D C}. 

Also for every stationary D E ~ vl~J(r), {/3 < r I/3 is an inaccessible cardinal in 

V and D 71/3 is a stationary subset of/3 = N vl~oj in V[Po]} E ~. See Baumgart- 

net [1] for such results. 

Now let us define the function F. F has to determine Suc(r/), filter I~ and an 

element f(T/') of P*[S] for any immediate successor T/' of T/. Let 

Suc(rt) = {rt ^(/3)1/3 <Nz,/3 >max(lOT))}. 

Let I,, = NS. I S and 

^ (/3)) = f ( n )  u {/3} 
for 7 /^( /3)ESuc(~) .  

Now let (T, I} be an Q-tree and f is a function from T to P*[S] so that 

(a) ~ < ~ implies f(~')<p.lslf(~) and 
(b) there are fronts J. (n < to) of T s.t. every member of J,+~ has a proper 

initial segment belonging to Jr. and 77 E J. implies 

(SucT('r/), l , ,<f(v)l u ~ Suc~-('O))) = F ( n , f  I{u [ u <= n}). 
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Let T'* > T. We shall find some p E P*[S] s.t. p II-p.~sl(=l'o El im T' such that 

f ( r / I  k ) E  G), where G is the canonical name of the generic subset of P*[S]. As 

in [5], XI, Lemma 4.4, let T", T"> T' be a subtree so that every point in T" 
either belongs to some front 3", (and thus fits the demands on F) and is a splitting 

point, or it has exactly one immediate successor. 

For r / E  T" let us denote by T/' the successor of r /of  minimal height belongs to 

some front. Note that there is only one such 7'.  For this rt', Sucr,(rt')_C S is a 

stationary subset of 1~2. 

Let, for r / E  T", C~ be {/3 =<N2[/3 is an inaccessible cardinal in V and 

Suet(r/ ') M/3 fq S is a stationary subset of /3 = ~ t ~ l  in V[P~]}. Then each C, 

belongs to ~. Let C = {/3 < I% [ Vr /E  T" if, for every k < height of r/, "O [ k is a 

splitting point of T" implies r / (k )<  r/, then /3 E C,}. 

CLAIM. C E ,~. 

PROOF. Otherwise N2- C is an ~-positive set. Now let us use the normality 

of F. So there is A0 C_ N2 - C ~-positive s.t. for every/3,, 13z E A,,, ~ ,  and r/~_ are 

on the same level in T". Let us find A ~ _ A ,  if-positive so that for some 

ko < k, < -  . .  < k,_, < to, for every /3 E At, r/~ [ k , , . . . ,  r/~ l" k._ ~ are all splitting 

points of r/~ in T". Now let A2 C_ A, be 6~-positivc so that for any/3~,/32 ~E A2, 

m < n ,  r/o~(k,) ='0&(k,,). But then r/~, = r/&-- r/ for /3,, /32EA2, since every 

point in T" is a splitting point or has only one immediate successor. Hence 

A2 fq C, = ~ .  Contradiction. 

Now let u E C 71 S. It exists since S is Wc.-positive and so .~-positive. Also 

a E C, for some r/~E T" (take for example r/ to be the first splitting point in T") 
and so it is inaccessible in V. 

In V[P~,,], c fu  = c f a '  = l,l,, so we have a sequence (C, In <r so that 

(a) C, E V and it is a club in a in V[P,~] (or in V; it does not matter since P. 
satisfies a-c.c.). 

(b) C.+, C_ C.. 

(c) For every closed unbounded subset of a C  @ V[/~ ] there is some n so that 
C. C C. 

Since V[P~, ,] ~ cf (a ') = cf a = No the set of all closed unbounded subsets of a 

in V[P~] can be represented as U,<~o B., where B, E V[P~] and the cardinality 

of B, in V[/5o] is N~. Now since a is N2 in Elfin], fq B, = E, is club in V[Po]. 

Since P~ satisfies a-c.c., by [1] every closed unbounded subset of u in V[P~] 
contains some closed unbounded subset of a which belongs to V. Let us define 

Co to be a club in V which is contained in E,, CI C_Co a club in V which is 
contained in E,, and so on. 
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Let  now .9. be the first splitting point  in T". Since a E C,~,, S n Sucr.,(.9o) n a is 

a s tat ionary subset of a in V[/5~, ]. So there  is some/3o E S N SucT~,(r/o) n a N C~j. 

Let  .9, = .9,^ (/3o). Then  f(.9,) = f(.9,) U {/3o}. 
By the definition of C, a E C,i (where .9[ is the successor of 77 of minimal 

height which belongs to some front  or the same is a splitting point). Hence  

SnSucr..( .9'~)na is a s tat ionary subset of a in V[16~]. Pick some 13, E S A  

SucT,(.9',)na NC, .  Let  -q2 = .9[^(/3,). Then  

f(.92) = f( .9 ',) U {/3,}. 

Note  that since .9'~ belongs to some front,  Suc~,,(.9'0C{.9'^(/3)[/3 <~_,, /3 > 

max (f(.9'~)) and/3  E S}. So f(.92) E P*[S]  and max (f(.9[)) < a. In such a way we 

define a branch .9 of 7"" and a sequence of condit ions (f( .9,) l  n < oJ) so that 

f( .9. . , )>f(.9.) ,  f(rl,..~) n C,  ~ Q and max f( '0~ < a. Let  now p = 

U,< ,of ( .9 , )  u {a}. Since U ( U . ~ f ( . 9 , ) )  = a, p E P*[S] .  Now p II-~,.isj (::1.9 E T" 

such that f(.9 I k) E G).  [ ]  

Suppose K is an inaccessible s.t. {a < K [ a  is weakly compact} is stat ionary.  

Then  using P*[S]  instead of P[S] and the variant of Namba forcing for changing 

the cofinality of both a, a '  to ~,  instead of Nm' in XI, 7.3 [5], it is possible to find 

a generic  extension of L in which the following holds: 

(*) There  is a club C C_ N2 so that every a E C is an inaccessible in L and for 

every ,5 a limit point  of C, C n 6 is not disjoint to any club of ~ from L. 

QUESTION. What is the consistency strength of (*)? 

In [3], using weakly compact  cardinals a model  is constructed with a s t ronger  

proper ty :  there  is C as above,  s.t. for every 6 a limit point of C, C N 6 is almost 

conta ined in any club of ~5 from L. 

(3) Suppose we are in the same situation as in (2). Assume also that K is a 

measurable  and S belongs to a normal  ultrafilter 0// over  K. Let  us define in 

V[P, ] the forcing notion V*{~//}. It will be the set of all pairs (c, A ) so that (i) c is 

an 0o-closed subset of K ; (ii) for every  limit point  /3 of c, c N/3 intersects every  

closed unbounded  subset of/3,  which belongs to V[P~] (or the same to V); (iii) 

A E 0-//. The  order ing on p.{0-//} is defined as follows: ( q ,  A~) _-> (c2, Az) if ct is an 

end extension of q ,  A~ C_ A_~ and c ~ -  qC_ A2. 

PROPOSmON 3. p*{o-//} satisfies the n-condition for any [. so that all E D. 

PROOF. First note that since P, satisfies K-C.C. and K = N~ I'~J, 0// generates  a 

normal  filter 0~ on 1,12 in V[/~ ]. 0~ = {X E 3 ~ vl~J(I,12) [ =1 V E 0//, V C_ X}. Since 0-// 
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contains the weakly compact filter on K, for every stationary D ~3~vt~'](r) 

{/3 < K t/3 is an inaccessible cardinal in V and D N/3 is a stationary subset of 

/3 = 1~[ I~1 in V[P~]} contains some set from 0-//. 

Let us define the function F. F has determined Sue(r/), filter 17 and an 

element f(r/ ')  of P*{6"t/} for any immediate successor r/' of r/. Let I~ = 6//. If 

f ( -O)=(c,A) ,  then let Suc (~ l )={r t ^ ( / 3 ) l / 3EA  and /3>max(c)}  and 

f( 'q^ (/3)) = (c U {/3}, A ). 
Now let (T, I) be a ~,-tree f :  T--* P*{~,} satisfies (a), (b) from Proposition 2. 

Let Jo (n < to), T" and r/' for r / E  T" be as in Proposition 2. 

Let 7/E T" and f(rl ')  = (c, A ). We define C, = {/3 E A ]/3 is inaccessible in V, 

/3 E S and Suet(r/ ') n /3  is a stationary subset of/3 = ~[J~,l in V[Pt,]}. Then since 

is normal, Suc~(-O') is g2-positive and so it is stationary, C,, E ~.  Let 

C = {/3 < N2 [Vrl E T" if for every k < height of 77, 77 I k is a splitting point of T" 

implies r t (k)</3,  then /3 E C,}. 

As in Proposition 3, C E ~. Let a E C. Then a E C, for some "O E T". So a is 

an inaccessible and a @ S. So in V[P..~], cf a = cf a -  = N, and hence there is a 

sequence (C I n < w) that satisfies (a)--(c), see Proposition 2. 

Let now 7/o be the first splitting point in T". By the definition a E C,~. Let 

/3o ~E Sucr,(~/,,) n a n C,, and r h = r/,, ̂  (/3,,). Suppose that f('q0) = (Co, Ao), then 

/3. EA, ,  since 77o belongs to a front and so Sucr.(rl,,)C_ Ao. Then f(a1~) = 

(co U {/3,}, A.). By the definition of C, a @ C,~. So Sucr..(r/'~) r3 a is a stationary 

subset of a in V[Po]. Let us pick some /3~ESucr.(.O'~)na n c ~ .  Let r / ,=  

n; n (/3,). 

f(rt i) = (c,. A ,) >-_ f('O,) = (co U {/3o}, Ao). 

It implies that AzC_Ao and so /3,~A,, .  Also U c , < / 3 ~ < a .  Hence f(~72) = 

(c, U {/3~}, A,)-> (co U {/30}, Ao), and so on. We obtain a branch r/ of T" and an 

increasing sequence of conditions {(c. U {/3.}, A.)]n < to} so that /3,  E C. and 

/ 3 , < a .  Since a E C , ;  for n > 0 ,  a E A .  for every n (see the definition of 

C~:). Hence ct • f"l .<~A. E o~. Let R E ~ C_ ( '] .<~A.. Then ( U . c .  U 

{a},R)EP*{~ and it is stronger than every (c. U{/3.},A.). Now ( U . c .  u 

{a}, R)IFe.~,~ (::1 rt E lira T" such that for every k, f(rl [ k) E G). [] 

The common property of those three examples is that the forcing notion there 

satisfies the D-condition, but for the ideals s.t. the set on which we forced in the 

previous stages is positive. We are going to show that it is possible to iterate such 

forcing notions preserving n-condition. First a definition. 
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DEFINITION 4 [5]. () = (P, Q, [i < a )  is suitable for (D,,,, h,,,, ~,., [(i,j) E W*) 
iff 

(i) W* = {(i, j)  ] i < j < a, i is not strongly inaccessible}, 

(ii) 0 is an RCS iteration, 

(iii) Pi,i = Pj/Pi satisfies the ni,s-condition for (i, j ) E  W*, 

(iv) For every I G 0t.i, U I is a regular cardinal, I is h i.+rcomplete, )ti,i < U I < 

Izia, [ Pi [ < hi.s, and hi.s > X2, 
(v) if i ( O ) < i ( 1 ) < i ( 2 ) < a ,  (i(O),i(1.))GW*, ( i (1 ) , i (2 ) )GW* then 

(Vx < t~.o~.,o~)[(,~. ,~. ,~)  ~ = x. ,~. .~].  

PROPOSITION 5. Suppose 0 = (Pi, Q, [ i < K) is suitable for 
(0i,j, hi,i,/xi,s I(i , j)  G W*), K is strongly inaccessible, [ to I [ +  At./+ txi.j < K for any 
( i , j ) G  W* and IG~i,j, Q. is a PK-name of a forcing notion satisfying the 
ft.-condition, and D~ is K-complete. Then PK * QK satisfies the [-condition for 

D= I,.J i.s Oi, s U ~,,. 

PROOF. Let F~j be a Pi-name for a witness to "P.. satisfies the Dis-condition" 

for i < j  < K, i non-limit, and F, a P,-name for "Q ,  satisfies the DK-condition". 

Let a i = { r n G  W [ 3 k  m=2i+~.k ,  k is an odd number}. Then (A,] <.,)is a 

partition of the even positive numbers into pairwise disjoint, infinite sets and 

minAt = 2 i§ We shall add 0 to A0. Let us define the function F for the 

B-condition. So we should define F(~I, w,(f(rl r l)] l < l(rl))). The definition will 

be like those of [5]. 

Case 1. [w[ is even. 
Let i be such that[ w [ G At, w* = {l G w [ ] w A l [ G A ~} and let/3. (0) = 0, and 

for 1, l(rt) > 1, /3~(1 + 1) = rain {Y + 1 If07 r l)r r G P~}. Now we are going to 
apply the function F~.o).~.,+~). Let us apply it to the restriction ~ of r/. We define 

= (6~ . . . . .  6.) for r / =  ( ] / 1 , . . . ,  yn) as follows: 

Let ko G w or ko = n be s.t. [ w fq ko[ = min A~, then put 6t = y~ for all l _-< ko. 

Now for k, ko<_- k < n let 6k+~ = yk§ if k ~  w, or k G w and I w N k ]GAs for 

j =< i. Otherwise let 6k+~ = O. 

The reason for such a definition of ~ will be clear from the continuation. 

Suppose 

F~.~i),o.,,+~)(~, w*,(f(*l r l)r[~,,(i),13,,(i + 1)]]1 => l(r/))) is (I,(r~ I1, G tO I)). 

Let us pick q~ E Po,), 

q,, II-p,,,, " / =  I~ ". 
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Now we define F to be (I.,,(f(u)l u E Sucr(n))) ,  where Sucr(*1) ={.1 n ( a )  l a < 

U L} and f ( n )  U q,, U r. = f(u). 

Case 2. ]w] is odd. 

Let F.(n,w*if(nll)(,,)ll<=l(n)))=(L,r.],,e U L ) ,  where w * =  

{l E to  11 w n lJ is an odd number}. Choose q, EP. ,  q~ ~ f ( n ) r K ,  q, iFp. " L  = 

IT" for some IT E D.. Now we define 

F(*1, w, if(*1 [ l)[ l =< 107))) = lIT, i f ( r / )  U qT U r~ I u = .1 n (a) ,  a < U I T)). 

Let  us prove that such defined F satisfies Definition 1. Let (T, I), J. (n < to), f 

and (T' ,  I)* _-> iT, I )  be as in the definition. W.l.o.g. U , < , . J ,  is the set of splitting 

points of (T,I) .  For notat ional  simplicity assume Jr, = {.1 E T I 1(.1)= n}. 

CLAIM 1. For every iT",I)*>- ' iT ' , I )  there is p E P , ,  

p IF (T, = {.1 E T" I f(*1 ) [ K E G} contains an to-branch). 

PROOF. We need the following temma from [5]. But first the definition. 

DEFINITION 6 [5]. For a subset A of T we define by induction on the length 

of .1, resr(A,  .1) for each .1 E T. Let r e s r (A , i  )) = i ). If resT(A, .1) is already 

defined then let, for every 7/~ i a )  E SUCT(r/), resT(A, .1 ~ (a ) )  = resT(A, .1) ~ i a )  

if .1 E A and res t (A,  .1 ~ i a ) )  = res t (A,  .1) hi0) otherwise. 

LEMMA 7 ([5]). Let A, tz be cardinals satisfying A <~ = A and let ( T, I) be a tree 

in which for each .1 E T either I SUCT(*1) [ < /Z or I. is A +-complete. Then for every 

function H : T - - * A  there exist T', iT, I)<=*iT',I)  such that for .1, *1'ET',  

resT(A, .1) = res t (A,  .1') implies H ( *1) = H ( 71'), '1 @ A iff .1' E A,  and if 71 E A,  

Sucr,(*1) = Sucr(*1) = SucT,(*1') = SUCT('q'), whereA = {a9 G T II Suc,(*1)l < ~,}. 

By a repeated use of L e m m a  7 we can get T*, T'  =<* T* such that,  for every 

.1 E T*, if I(.1) = 2 '+', for some i > 0, or 1(.1) = 0, for i = 0 and r h E T*, *1j > r/ 

(j ~ 2) then 

reST.(AT, .11) = reSr.(AT, .12) 

implies 

(i) f ( m )  r/3T(i + 1) = f ( m )  r/3T(i + 1); 

(ii) .1! E A,,  itt .12 E AT ; 

(iii) if .1~ E AT then Sucr,(*1~) = Sucr.(*1~) = Sucr.(*12) = Sucr,(*12); 

where A .  = {v E T' I J, =< .1 or v > .1 and I SucT(,,)l < 
Note that for i E to, if r / E  T' is of the length T § when i > 0, or it is ( ) when 

i = 0, then f on Sucr,(*1) is de termined by F~.o),o~o+o and we apply F~.o).a~,+~) 

the first time over .1. 
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Let T< > = {resr.(A~ >, r/)l r / E  T*}. The definition of T* implies that T(~ is a 

B0.~ ,o~-tree. Let, for r / E  T*, f~ ~(resr.(A~ ~,r/))=f(r/)[/3(>(1).  Then [( >is a 

well-defined function on T~ > into P~ ,to. Since we applied F0.~ ,m enough times, 

there is a condition q( >EPo~ ,m which forces " B r / ~ L i m T ~ >  V k <  

tof( >(r/[ k) E G" .  Note that we apply Fo,o~ ,m on the tree T< >. But as we defined 

F in Case 1, we are using Fo,~ ,m not on 77 E T but on its restriction ~ which is 

now equal to resr.(A~ >, ~). Let Go be a generic subset of P~ ,w, q~ > ~ Go and 

r / [Go]~LimT~ > be some branch in T(> s.t. for every k < t o ,  

f~ >(nlG0]I k) ~ Go. We define in V[G0] a tree T~ = {rt ~ T* ] resT.(A~ >, n) < 
n[G0]}. 

For every B E Tt, if r l f fA(  > then SUCT,(~)= Sucr.(~). It follows from (iii) 

(see the definition of T*). Let rh be some point from the fourth level in T~. The 

fourth level is the level where Fo~ ~o),~,,~) is applied the first time. As above we 

can define 

T., = {resr,(A.,, n) l  ~ ----> rh. rl ~ T~} 

and 

f~, (resr,(A.,. n)) = / ( n )  t/3.,(2). 

Also there is q~, E P~,,t2) which forces " 3 , / E  Lim T,, Vk < to f,,(~7 [ k) E G" .  We 

can pick a generic subset G~ of Pa,,tz), % ~ G~ and a branch r/[G~] ~ Lim T,, in 

T,, s.t. for every k < to, f~,(~/[G~] r k) E G~. In the same way we can define T2 to 
be the set of all r / E  T~ s.t. a7 => rh and resr,(A~,,r/)< ~/[G,]. It is possible to 

continue and define T. and (3. for every n < to. Since we are using the revised 

countable support iterations, this process will give us some condition, namely 

t~ = (qt >, ~/~,, ~/,u . . . .  ) which forces that there is a branch 9 E Lim T* s.t. Vk < to, 

f(rl [ k)r r E G. [] 

Suppose now that G is a generic subset of P.. Let us define, in V[G],  

T.[G]= T~ ={n  ~ T ' l ( f ( n ) t K ) ~  G}, T:+'IGI ={n  ~ T: [G]I  there is at 

least one successor of r / in  T~[G] and for every l =< l('0), if on 71 [ l F,  was used, 

then Sucr*.ta]07 r l) is I , ,-positive,  where I~, is defined by F.}, 

TT[ G ] = n TO,[ G ] for limit a. 

For some a ( G )  large enough T~~ = TTt~ 

If TTc~ ~ O then, since F. was used on the fronts J. (n < to), there is some 

q~Q. , ,  ql-o "3 r lEL imT~~  Vk<to,  f . ( r / [ k ) ~ G " ,  where f~(r / )= 
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f(71)(r ). So it is enough to show that if there is p E P ,  that forces 

"TTta~[G]~O "' then ( p , q ) E P * * Q .  forces ":l n E L i m T '  V k < t o  

f(71 r k ) E  G".  
Supposeotherwise.  Then for every generic G C_ P. and every , / E  T' so that 

F. was applied on 7/ there is an ordinal a(7/, G)  and a set C.,,[G]EI,, (in V), 

such that 

c_ C, [G] 

or  

C . [ G ]  = O  in case Sucr:,~.~o]('0) ~ I. 

but for some l < 107), SucT:~.,~.~jo](r/r l) E I,,,. Let C~ be a name for such a set. 

We define C* = O {C ] 3p  ~ P., p ~- C. = (~}. Since P. satisfies r-c.c, this is the 

union in V of less than r sets in I~ and hence C* E I~. Let now 

T" = {r /E T' I there is no l < l(r/) so that C*~, is defined and r/(l) ~ C*rt}. 

For T" let us define T, [G], TT[G] as we did for T'. We shall denote these sets by 

T, [G]  and T~[G].  Now note that T~[G] n ~?,[G] = T~[G] for every a, since 
always C* E 14. 

CLAIM 2. For every a,  T~+1[G] = {r/E T~[G][ r/has at least one successor in 

PROOF. If for some r/ E T~[G], F, was used on *1 [1 (l<=l(,1)) and 

Sucr:.t~](r/[ l) E I~,, then Sucr~t~j(r/r l) c c * . .  and hence Suc~.[cj(r/r l) = 0 .  So 
l = l(r/) and 77 has now successors in TT[G]. 

The claim implies that for every generic G C_P,, in T . [G]  there is no 
to-branch, which contradicts Claim 1. [] 

Using Proposition 6, Conclusion 6.6 from [5] can be formulated as follows. 

PROPOSITION 8. Suppose 
(a) Q = (P~, Qi I i < a) is an RCS  iteration, 
(b) Q satisfies the a,-condition and 0, is N2-complete in V p' (but D, E V), 
(c) if c f ( i ) < i  v (3j  < i)l P~ I>= i, then for some A, /z, Ui~-,flj is A*-complete, 

( V I E  I,.Jj<,0~)(I U I 1 < / ~  ) and A =A <', 

(d) if cf i = i ^ (Vj < i)[ Pi I < i then O, is i-complete. 
Then R Lim 0 satisfies the ( U ~ <~ g, )-condition. 
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